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ABSTRACT 
Thfs work 1s concerned with analyzing the multiple fracture pat-
tern of two cracks situated at the interface of PMMA and aluminum. 
One of the cracks is horizontal and the other is vertical such that 
the direction of crack growth would alter in accordance with the load 
increment, material properties and structure geometry. One of the 
main objectives is to find not only the trajectories of the two cracks 
but also the conditions for which they would intersect. Such predic-
tions would require a consistent account of the stress and failure 
analysis which must be performed repeatedly as the cracks grow in seg-
ments. 
Based on the concept that material elements would disintegrate 
when reaching a critical energy state, failure by yielding and frac-
ture is identified with the stationary values of the volume energy 
density function, dW/dV. Crack initiation and propagation are con-
sidered as one of the same process where the crack path corresponds to 
the coalescence of discrete material elements at the critical state. 
The local and global maximum of the minimum dW/dV are assumed to coin-
cide with the initiation and termination of each segment of crack 
growth. Three distinct features of multiple crack interaction have 
been observed. Initially, growth of both cracks is localized and af-
fected by the difference in the dissimilar material properties of the 
PMMA and aluminum. This is indicated by the large fluctuations of the 
index of insta.bility that corresponds to the distance between the lo-
-1-
.. d ..... 
" ' ' ., 
cal and global maximum of the minimum dW/dV. At the fntermedfate 
stage, both cracks grew more stably and independently. Final insta-
bility of the system occurs when the cracks interact and run into each 
other. A similar trend prevails for the energy released during incre-
mental crack growth. 
What has been demonstrated is a methodology for determining the 
characteristics of multiple cracking by application of the strain en-
ergy density criterion and the technique of finite element. It can be 
applied to systems with any number of cracks that may or may not coa-
\ 
lesce. 
.. 
-2-
• 
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I. INTRODUCTION 
All structures are known to contain defects or flaws that are 
either inherent in the material or developed during service. 
Whether these imperfections are harmful or not depend on the specific 
application. In high perfonnance structures such as aircrafts and 
space vehicles, it is desirable to account for the potential sites 
of failure initiation at the design stage so that appropriate mea-
sures in maintenance can be established. There are also situations 
where fracture needs to be created. If the amount of geothennal 
energy extracted from fractured rocks is proportional to the surface 
of fracture, the condition to maximize the generation of fracture 
surface becomes essential. Design of drill blades to penetrate rock 
strata is another case involving the creation of new fractured sur-
faces. 
Despite the advances made in Linear Elastic Fracture Mechanics 
{LEFM) over the past years [l-3], there remains much to be under-
stood on the conditions of multiple fracture or the coalesce of 
, existing defects. This requires a knowledge of not only how cracks 
would initiate but also on the locations of their trajectories that 
may or may not intersect as the body integrates or separates. 
Early cracks on multiple fracture [4-7] are associated with 
determining the terminal velocities and the conditions under which 
they would bifurcate. Coalescence of cracks has been observed mostly 
.. -3-
by tests (8-lOJ and has not been adequately explained by analysis. 
This is mainly because a quantitative assessment of the phenomenon 
would require a cot~i.~.tcit~t account of failure initiation, growth and 
final tennination. It is not so obvious how a single criterion could 
govern the complete damage process of material separation. 
Recent incidents concerned with multi-site damage of rivets in 
lap-splice joints of aircrafts have caught the attention of FAA to 
put more emphasis on the stress and failure analysis of multiple 
fracture. The concept of structural failure based on the dominant 
crack model is an oversimplification of what occurs in practice. 
While stress solutions for stationary cracks arranged at different 
locations and positions can always be obtained using numerical or 
-
analytical/numerical methods [11-13], they would not yield useful 
information on multiple fracture unless implemented by a suitable 
failure criterion. Assessment of the fracture process involves a 
description of crack growth in segments of unequal size. Successive 
increase in the growth segment would indicate the tendency of insta-
bility leading to global failure while the opposite would correspond 
to stable failure leading to crack'arrest. 
Prediction of crack trajectories is not easy even for the case 
of a single crack [14,15]. Because of the lack of self-similarity 
in general, many of the classical fracture criteria are not valid or 
are unable to simultaneously address crack initiation, growth and 
-4-
onset of rapid fracture. What should be kept 1n mind is that the 
material damage process must be traced by perfonning a series of 
stress/failure analysis. The validity of the stress solution prior 
to the violation of continuity must be defined in a consistent 
fashion. To this end, the strain energy density criterion [16-18] 
can be applied where the concept of local and global stationary 
values of the energy density can quantify the complete failure pro-
cess starting from initiation to termination. Much has already been 
done in the past [19-23] to demonstrate the validity of the 
criterion. 
The work in this dissertation is concerned particularly with 
the application of the strain energy density to examine the multiple 
fracture pattern of two cracks situated at the interface of PMMA and 
aluminum. The interface consist of a 90° corner such that one of 
the cracks is horizontal and the other is vertical such that frac-
ture would initiate in a direction not coincident with the original 
crack plane. In fact, the direction of growth for both cracks would 
change for each load increment. Failure would initiate from the 
crack tip that are nearest to one another. The conditions under 
which the two trajectories would intersect depend on the crack size 
and position, material properties and loading conditions. The con-
figuration depicted corresponds to an escape hatch made of PMMA 
secured in an aluminum frame. By design, energy could be released 
along finite segments of the PMMA/aluminum interface such that the 
-5-
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problem posseses one-quarter sy1111K?try. The ends of each segment 
are n>delled as crack tips as locations of high energy concentra-
tion. For sufficiently high load, fracture would initiate from local 
regions of high energy and then dislocate the PMMA from the aluminum 
frame. Detenn1nat1on of the fracture shape of the PMMA is one of the 
objectives of this effort in addition to providing a procedure for 
forecasting the trajectories of crack growth in segments. Coales-
cence of the two cracks is predicted. The resulting configuration 
is similar to that observed in the multiple fracture of initially 
collinear edge cracks emanating from rivet holes in the lap-splice 
joints used in aircrafts. 
-6-
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II. STRAIN ENERGY DENSITY CONCEPT AND CRITERION 
Failure criterion is necessary for detenn1n1ng design limits on 
structural components. Traditional design has relied on establish-
ing some critical values of the maximum nonnal stress, maximum nonnal 
strain, etc., as failure criteria. Loss of structure integrity was 
treated mostly from the global viewpoint with little or no attention 
given to the initiation of the local failure process. The existence 
of local initial imperfections in a shell, for example, which can 
significantly affect the buckling load was accounted for through a 
perturbation parameter rather than considering the actual size and 
location of the mechanical imperfections. A well explored global 
failure mode was the plastic collapse of structural members. To this 
end, the limit analysis [24] accounted for the loss of structure in-
tegrity due to excessive yielding or distortion. The other extreme 
mode of failure was brittle fracture where structural members can 
fail suddenly with little or no warning. Both of these two failure 
modes pertain to global instability. In practice, it is desirable 
to design for subcritical damage so that cracks or defects can be 
detected for repair before they cause catastrophic failure. There 
are also situations where information is required on creating frac-
ture surfaces such as drilling of rocks or the deformation of air-
craft canopy to make access for pilots to escape. Prediction of 
failure or fracture path would be required in all of the afore-
mentioned cases. The connection between local and global failures 
-7-
• 
needs to be known or assessed by a suitable failure criterion. 
2.1 Basic Concept 
Consistent with continuum mechanics philosophy that a 
medium can be divided and subdivided into smaller and smaller ele-
• 
ments, it is instructive to focus attention on the energy fluctua-
tion in these elements. Depending on the degree of nonunifonnity in 
the system generated by the interaction of structure,geometry, and 
material with the applied load, the size of the elements selected 
for investigation defines the required accuracy for determining the 
peaks and valleys of the energy fluctuation. The physical signifi-
cance of these fluctuations has been discussed by Sih [16-18] by 
application of the stationary values of the strain energy density 
function dW/dV. The critical value of this quantity is assumed to 
be uniquely associated with failure modes at the different scale 
levels. 
In solid mechanics, the energy stored in a unit volume of 
material is given by 
dW _ 
-dV 
e: . . 1J 
J 
0 
cr •• de: •• lJ lJ 
(-2. l ) 
in which a .. and e:-. are respectively, the stress and strain compo-
1J 1J 
nehts. A linear distance r ·can be introduced to locate the nearest 
-8-
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• 
neighboring element corresponding to the site of possible failure, 
1 • e. , 
dW s s 
av r (2.2) 
Here, Sis the strain energy density factor that represents the area 
under the dW/dV versus r curve as shown in Figure 2.1. A core 
I 
> I 
-0 
" I -_;.. 
-0 
>, dW constant ...,J -dV -
·-V'l 
C: 
OJ 
""O 
>, 1, C"> 
S- I a., s:: 
LLJ 
I 
' t r --~-~i Radial distance r 
Core region 1 
radius r 0 
Figure 2.1 Variations of volume energy density with distance. 
f 
region r surrounds the location under investigation. It defines 
0 .. 
the resolution of the continuum mechanics analysis and is usually 
taken as one order of magnitude smaller than 4. Equations (2.1) 
-9-
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! ... ·', 
and (2.2) apply in general to any constitutive equations and load-
ings. In what follows, the criterion will be applied to investigate 
how two cracks would start to grow and meet each other sometime 
later. 
2.2 Hypotheses on Crack Initiation and Growth 
Fracture is a process of material separation that involves 
crack initiation, subcritical or slow growth and final termination. 
Characterization of these features should be described by the same 
criterion in order to achieve consistency. As stated in [16-18], 
the strain energy density theory may be stated in terms of three 
basic hypotheses as follows: 
1 The location of fracture initiation is assumed to coin-
cide with the maximum of minimum strain energy density 
function (dW/dV)m~x, and yielding with the maximum of 
min 
maximum strain energy density function (dW/dV);:;. 
1 Failure by fracture and initiation is assumed to occur 
when (dW/dV)m~x and (dW/dV)max reach their respective 
min max 
critical values, say (dW/dV)c and (dW/dV)Y. 
1 Crack or yield growth increment r1, r2, etc., is governed by 
s2 S. 
= --r2 - ... = r~ = constant J' 
Unstable fracture or yielding is assumed to correspond 
-10-
(2.3) 
<f, 
with (dW/dV)cand (dW/dV)Y equal. respectively. to Sc/re 
and SY/ry. Here. re and ry are the materials ligaments 
that identify the onset of instability by unstable 
fracture and yielding. 
Limiting the discussion to failure by fracture or crack growth, 
it suffices to compute (dW/dV)c from the area under the true stress 
and strain curve. The expression in equation (2.2) at incipient 
fracture relates (dW/dV)c to Sc through re. Alternatively, Sc can 
be detennined independently from fracture toughness testing since Sc 
is connected with K1c: 
( 1 +v )( 1 -2 v ) Kf c 
5c = 2nE (2.4) 
The procedure outlined by ASTM [25] for measuring Klc applies equally 
well to Sc. Values of Sc for a host o~ engineering materials can be 
found in [26]. 
2.3 Local and Global Stationary Values 
Another salient feature of the strain energy density theory is 
that it applies to any defect, not necessarily a crack. Consider a 
continuum with volume A enclosed by surface I as illustrated sche-
matically in Figure 2.2. When (oaded externally, a different 
stress or energy state w1·11 be experienced by each element. Depen-
ding on the constitutive relation used for a particular material, 
-11-
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Figure 2.2 
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I 
' 
.__._.:.._ __ X 
0 
Schematic of a continuum system with local 
and global reference system. 
the energy per unit volume can be computed from equation (2.1). 
The assessment of dW/dV in a given element, however, depends on 
whether the coordinate system moves from point to point or is fixed 
at all times. The fonner will be referred to a lac.al system and the 
latter a global system. 
~ 
Referring to Figure 2.2, local coordinates (x1 ,y1), (x2,y2}, 
..• (xn,yn} can be assigned to each point in the region A. It is 
guaranteed that (dW/dV) at each point possesses an unique local max-
imum and minimum with referencJ to the angle ej (j=l,2, ... ,n) for a 
fixed value of rj. These stationary values will be denoted by 
[(dW/dV)max]L and [(dW/dV)min]L' Figure 2.3. The maximum values of 
-12-
i) 
these quantities [(dW/dV):::1L. and [(dW/dV)~~]L. among many of the 
minima and maxima, are assumed to coincide with the 1n1t1at1on sites 
0 Angle f'. J 
Figure 2.3 Local stationary values of strain energy density, 
function. 
) 
of fracture'and yielding, respectively, according to the strain 
energy density criterion [16-18]. Alternatively, it is possible to 
obtain stationary values of (dW/dV) with respect to Rand e in the 
I 
global coordinate system (X,Y). This can be found by observing the 
contours of constant (dW/dV). A typical schematic of (dW/dV) = 
constant lines is shown in Figure 2.4. 
To illustrate, let A and B be the peaks and C and D the valleys 
I 
such that 
-13-
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I 
.. , 
g 
max [(dW) ] r dV max G 
I 
J3~-, (2.J, 
\ 
' 
6 
'-
Figure 2.4 Contours of constant global strain energy density 
function. 
There are many of such peaks and valleys in a structural component 
experiencing nonuniform distribution of dW/dV. It is the greatest 
of all maxima and minima that would be depicted as potential sites 
of failure by yield and fracture initiation. The subscript G will be 
used to distinguish the global value from the local value. The max-
imum of [(dW/dV)min]G and [(dW/dV)max]G occur at D and A and they 
will be denoted by [(dW/dV)~~~JG and [(dW/dV);!~JG. 
2.4 Fracture Trajectory and Instability 
In general, [(dW/dV);~~JL occurs near the site of material 
" 
f 
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imperfection or an existing defect where failure fs most lfkely to 
initiate, say Lin Figure 2.5. This location can be close to 
Imperfection 
or 
defect 
I• 
max [(dW) ] 
av min G 
I 
t --------.J .. , 
-- - - - --
I 
- -
-
- -
r 
-4> 0 
' 
:a.JG 
Trajectory if failure 
predicted from S./r. = canst. J J 
Figure 2.5 Locations of maximum local/global stationary 
values of volume energy density. 
[(dW/dV)~~~JG at G if the failure is very localized. The distance 
i between Land G depends on loading, specimen geometry and material 
and should lie on the trajectory of failure by yielding or fracture. 
It may not coincide with that predicted from equation (2.3) for 
Sj/rj = const. because of the ways with _which the locations L, G and 
Fin Figure 2.5 are determined in addition to deviations that are in-
herent in the numerical calculations. More specifically, Lis found 
at a finite distance from O, location of the defect tip where G is 
found from the global contours of constant dW/dV. Note that OLG do 
not have to lie on the same straight line. The line OF on the other 
hand is determined from the condition in equation (2.3) where r rep-
res~nts the increment of crack growth at some predetermined value of 
-15-
dW/dV in Ffgure 2.1 for a given material. The position of OLF 1s 
found from the angle -e0 in contrast to LG obtained by locating the 
point G and then connecting LG. The angle -,, 0 may differ from -e0 • 
The two numerical procedures would yield results that are close but 
with a slight difference although in theory they should be the same. 
· Recognizing the approximations in numerical analysis, the 
difference between LG and OF can serve a useful guide in checking 
the results, particularly when the prediction may involve several 
segments of crack growth. 
"\ - . 
For systems that are analyzed incrementally, failure path would 
be obtained in segments. This is illustrated in Figure 2.6 where 
r1, r2, etc. are assumed to lie along the prospective path of fail-
ure approximated by segments of straight lines. As soon as material 
damage begins, say via crack growth, the distance i will change as 
r 
Imperfection 
or · 
defect 
Failure 
initiation 
site 
Gl 62 Stab 1 e fa 11 ure 
• ---~ G. , ~ ~ . J 
R_l Q,2 D 
... 
Q, • 
J 
• 
Onset of 
unstable 
failure 
--------.:.) ) 
Q, 
C 
Figure 2.6 Schematic of progressive damage approximated 
by straight line segments. 
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the energy distribution within the system will be altered. Let tj 
(j•l,2, ... ,n) denote distances between Land Gas damage spreads in 
the system, Figure 2.6. If 
' 
(2.6) 
then the system becomes progressively unstable and reaches global 
• 
instability at le. Conversely, the condition 
> • • • > ~. 
C 
indicates that the system tends to become stable and eventually 
leads to damage arrest. The quantity i. describes not only the 
J 
(2.7) 
local stability condition of a system but also determines the onset 
of global instability. 
In general, i is indicative of the failure stability or insta-
bility of a system. A system that fails with a smaller i would be 
regarded as more stable than a system that fails with a large i. 
Its magnitude is proportional to the load increment. That is a 
large increase in load would result in large£. It can also depend 
on time. Application of this concept to an actual structure has 
been made in [27] where the transition between the termination of 
subcritical failure and onset of global instability were determined. 
. 4, 
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III. FINITE ELEMENT FORMULATION 
The method of finite elements involves d1scret1z1ng the cont1nu-
llll into a finite number of subd1v1s1ons with irregular shapes. Iso-
parametr1c mapping can be employed such that the subdivisions will 
appear unifonnly as unit cubes in the mapped region. This approach 
simplifies the bookkeeping of nodal point coordinates. Since the 
procedure can be found in books (28,29], only a Brief description of 
I . 
• 
the n ume r i ca 1 an a l y s i s w i 11 be g i v en . 
3.1 Shape Functions 
For two dimensional geometries, it suffices to use the 12 node 
isoparametric element which is irregularly-shaped in the physical 
plane, Figure 3.l(a). The coordinates of the element in the mapped 
plane are~= +1 and n = ±1 at the corner nodes. This is shown in 
Figure 3.l(b). The side nodes are evenly placed at 1/3 of the dis-
tance from the corners. A salient feature of the transformation is 
that the same shape functions N.(~,n) (i=l ,2, ... ,12) can be used to 
l 
relate the coordinates (x,y) 
responding nodal values, say 
and displacements (ux,uy) to their cor-
(x.,y.) and [(u ).,(u )1.]. The fol-1 l X 1 Y 
lowing expressions, therefore, prevail: 
p 
X = 
12 
\ N.(c,n)x. L 1 s 1 i =l 
12 
Y = l . N · ( ~, n )Y'· 
. l l 1 1= 
( 3 .1) 
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III. FINITE ELEMENT FORMULATION 
The method of finite elements involves d1scret1zfng the continu-
um into a finite number of subdivisions with irregular shapes. Iso-
parametric mapping can be employed such that the subdivisions will 
appear unifonnly as unit cubes in the mapped region. This approach 
simplifies the bookkeeping of nodal point coordinates. Since the 
procedure can be found in books [28,29], only a brief description of 
the numeric a 1 an a 1 y s i s w i 11 be given . 
3.1 Shape Functions 
For two dimensional geometries, it suffices to use the 12 node 
isoparametric element which is irregularly-shaped in the physical 
plane, Figure 3.l(a). The coordinates of the element in the mapped 
'. 
plane are~= ±1 and n = +1 at the corner nodes. This is shown in 
Figure 3.l(b). The side nodes are evenly placed at 1/3 of the dis-
tance from the corners. A salient feature of the transformation is 
that the same shape functions N.(~,n) (i=l ,2, ... ,12) can be used to 
1 
relate the coordinates (x,y) and displacements (ux,uy) to their cor-
responding nodal values, say (x;,Yi) and [(ux)i,(uy)i]. The fol-
lowing expressions, therefore, prevail: 
12 
X = ' N.(t",n)x. l 1 s 1 
; =l 
12 
y = l 
i=l 
• . ·< V 
N.{t;,n)y. 
1 1 
( 3. l) 
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(a) Physical plane (b) Transformed coordinates 
Figure 3.1 Coordinates of 12 node isoparametric element in physical 
and transformed plane . 
I 
· The same applies to the displacements: 
(3.2) 
l 
' \ 
The shape functions N;(c.n) (i = 1.2 ••..• 12) are given by 
• 
1 N1 = !Z (1-n)(l-c}[9(c2+n2}-10] 
• 
·' 
9 N3 = 12" (1-n)(l-c2)(1+3c) 
1 N4 = 32 (1-n}(l+c)[9(c2+n2)-10] 
N5 = ~2 (l+c)(l-n2)(1-3n) 
f 
lJ· N6 = ~2 (1+()(1-n2 )(1+3n) 
N7 = h (l+()(l+n}[9(c2+n2)-10] 
Ng= ~2 (l+n)(l-c 2 )(1+3c) 
-20-
.. . 
>. 
. 
. 
• • 
Ng• i2' (l+n)(1-t2)(1-3t) 
N10 • ~ (1+n)(1-t}[9(t2+n2 )-10] 
9 N11 = !2" (1-t)(1-n2 )(1+3n) 
. 9 
N1 2 = J2 (1-t}(l-n2)(1-3n) (3.3) 
• 3.2 Strains and Stresses 
Once the displacements are known, the strain components may be ob-
tained from the displacement gradients: 
aux 
EX ax 
{e:} = e:y - ~ (3.4) - ay 
-
au au 
Yxy 
X + :._y_ 
ay ax 
·• 
Substituting equations (3.2) into equations (3.4) and writing the re-
sult in matrix form, it is found that 
{e:} = [B]{u} (3.5) 
- -
in which 
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aN1 0 ax • ( 
(81]. 0 
aN1 
• (3.6) 
' ay 
aN1 aN1 
ay , ax 
In equation (3.5), (u} is the displacement vector defined as 
-
(u ). 
X 1 
{u} = (3.7) 
-
For a linear elastic, isotropic and homogeneous medium, the material 
matrix 
1-v, V , Q 
E [DJ= (1+v)(l-2v) v , 1-v, 0 
l-2v 0 , 0 , 2 
( 3. a.) 
for plane strain can be used to relate the stress {a} and strain{£} 
-
-
as fo 11 ows: 
fcr} = [D]{e:} (3.9) 
" - -
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3.3 Basic Equation 
• • 
The finite element method relies on application of the theorem of· 
minimum potential energy that 1 based on the principle of virtual 
work. It provides a good approx ~at;,lon for the displacement field at 
\ 
\ 
the expense of the stresses as in contrast to the theorem of minimum 
complementary energy that gives emphasis on the variation of the 
stresses. This difference in variational calculus should be kept in 
mind when interpreting the end results obtained from finite element 
in addition to the other approximations mentioned earlier. 
Application of the standard finite element procedure [28,29], the 
.. 
governing equation of motion can be written in the fonn 
c· 
[M]{u} + [K]{u} = {F} (3.10) 
- - -
with [M] being the mass matrix. The equivalent load matrix {F} is 
-
{3.11) 
\ {ere, Fb and Fs are, respectively, the body and surface force vector. 
- -
., 
I 
The stiffness matrix [K] in equation (3.10) is given by )' 
[K] = ff [B]T[D][B]hdxd.Y 
.1.1,,•'ll 
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(3.12) 
,, ' 
• 
• 
• 
where his the thickness dimension df·the plane body. Computation of 
[K] is carried out in terms of the variables t and n such that equa- • 
tion (3.12) is expressed as 
1 1 
[K] 2 J J Q{t,n)dtdn 
-1 -1 
in which 
Q(t,n) 2 [B]T[D][B]h det[J] 
Use is made of the Jacobian 
[J] = 
whose inverse is 
[J]-1 = 1 
ax 11._ _ ax !l 
ar; an an a~ 
ax 
- ·. ' 
. an 
• 
ax 
for transforming dA in tenns {x,y) to (~,n) as 
-24-, 
I 
(3.13) 
(3.14) 
·( 3. l 5) 
(3.16) 
' 
'--
-'-·.J. 
1 
dxdy • det[J]d(dn (3.17) 
• 
In view of equations (3.1) and (3.2), equation (4.15) may also be 
written as 
12 aN1 2 X., i=l a~ , 
[J] = 
12 aN. 
\ 1 
L Xi, i=l a,, 
12 aN. \ , 
l a Y; ; =l ,, 
Change of independent variables can be made by means of 
aN. 
1 
aN. 
1 
a~ ax 
/ 
- [J] 
-
aN. aN. 
1 ~ 
an ay 
The inverse of equation (3.19) is 
aN. aN. 
l , 
ax af; 
-
[J]-1 
-
aN. aN. , l 
ay an J 
(; 
(3.18) 
(3.19) 
(3.20) 
The Gauss-Legendre quadrature scheme ii applied to compute [K] 
numerically. This procedure assumes that 
-25- · 
!I 
,· , 
i 
1 1 4 4 f f Q(t.ri)d,;dn • i l H1HJQ'(tj ·"J) 
-1 -1 1•1 i=l 
(3.21) 
Sixteen (16) Gaussian points can thus be embedded in each of the 
twelve (12) node isoparametric element such that 
t2 = -~3 = 0.339981043584856 
t1 = -~4 = 0.861136311594053 
n2 = -n3 = 0.339981043584856 
n1 = -n4 = 0.861136311594053 
The values Hj (j = 1,2, .•• ,4) in equation (3.21) are 
H1 = H4 = 0.347854845137454 
H2 = H3 = 0.652145154862546 
(3.22) 
(3.23) 
As the numerical values of {u} are obtained from equation (3.10), the 
-
quantities of interest such as {t} follows from equation (3.5) while 
-
{a} follows subsequently from equation (3.9). 
-
3.4 Shifting of Side Nodes 
The way with whi:ch the displacement gradients behave in the vi~in-
ity of a crack tip can be altered by adjusting the spacing of the 
neighboring side nodes. For the ~ase of the eight (8) node isopara-
-26-
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metric finite element, the m1ds1de nodes may be shifted to the quarter 
point nearest the crack tip to yield the 1/./r singular behavior of the 
displacement gradient (30]. The same can be achieved for the twelve 
(12) node isoparametric element by shifting the intennediate nodes to 
the 1/9 and 4/9 positions nearest the crack tip [31]. 
C1t.a.ck Tip S.ingui.a.JU,,ty. For the sake of illustration, suppose that the 
crack tip is located at c = -1 and~= -1 as shown in Figure 3.2. The 
coordinates xj 
' ' 
Crack 
5 
---Position of 
. 
n-ax,s 
x, x2 X3 X4 
,. • 
01 
• • , 1 
-1 l 
- 3 -3 
Figure 3.2 Crack tip with reference to side 
of a twelve (12)-node isoparametric 
finite element. 
... at n - ~l C, -
and displacements u. (j = 1,2, ... ,4) for the four nodes in Figure 3.2 
J 
can be related, respectively, to the coefficients a0 ,a1, ..• ,a3 and b0 , 
' 
b1, •.. ,b3 in x and ux as follows: 
(3.24) 
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' ; 
and 
(3.25) I 
,. The coefficients a0 ,a1, .•• ,a3 in equation (3.24) are 
(3.26) 
with x1 = O. The coefficients b0 ,b1., ... ,b3 in equation (3.25) take 
the values C• 
(3.27) 
• 
-28-
... ,._, 
The 1/9 and 4/9 S1u6t, Differentiating x with reference tot and 
• 
• 
setting the result dx/dt • O, it is found that 
(3.28) 
Making use of equations {3.26) and {3.28), x in equation {3.24) may 
be expressed in tenns of x2 and x4: 
X 
x = ,! [(1+27x2) + {5.27x2)( + {7-27x2)(2 + 3{1-9x2)~ 3] (3.29) 
The displacement gradient du/dx can thus be computed: 
(3.30) 
which is a quadric function of (. As x -+ 0, du/dx -+ 1//x for 
X _l x· _4 2 - 9' 3 - 9 
( 3. 31 ) 
such that 
X4 2 
x = 4 (1+~) or~ =-1 + a/x/x4 
(3.32) 
, 
The decay of 1//x along the line of prospective crack growth is thus 
preserved. 
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IV. MULTIPLE FRACTURE FROM CRACKS AT Pl't1A/ALUMINUM INTERFACE 
Multiple fracture can be observed not only in man-made struc-
tures such as concrete pavements, aircraft skin structures, etc. but 
also in nature where cracks grow into intricate networks such as in 
dried materials, rock strata, etc. These networks are either regu-
lar or irregular polygons fonned by the intersection of cracks at 
angles depending on conditions that have not thus far been clearly 
understood. While the mechanism of bifurcation [4,5] has been dis-
cussed, little or no attention has been focused on cracks that tend 
to intersect with one another. The scenario of two cracks moving 
towards each other is a case in point. 
One of the main objectives of this thesis is to examine how the 
homogeneity in the local material properties would affect the direc-
tion of crack growth in addition to the rate of energy release in 
generating new fracture surface. The latter can be associated with 
the change in crack growth segment that is proportional to energy 
used in the surface creation process. It is of interest to deter-
mine,the conditions when two cracks would run into each other as 
shown in Figure 4.l(a) and when they would pass each other as in 
Figure 4.l{b). It is this objective that motivated the work to 
follow. 
4.1 Problem Statement 
Depicted in Figure 4.2 is the plane extension of a bi-material 
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other 
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Figure 4.1 Schematic of two cracks approaching each other. 
structure made of a rectangular PMMA plate constrained by aluminum 
around its perimeter. Initial defects in the fonn of line cracks 
are assumed at the interface; their locations are idealized such 
that the problem possesses one-quarter symmetry above the horizontal 
line OH and vertical line OV as shown in Figure 4.2. Given in 
Table 4.1 are mechanical properties (v1 ,E1) for the PMMA and (v2,E2) 
for the aluminum where vj and Ej are, respectively, the Poisson's 
Material 
Type 
PMMA 
Aluminum 
Table 4.1 Mechanical Properties 
Poisson's Ratio 
\) 
0.3333 
0.3333 
Young's Modulus 
Ex108 (Pa) 
23.6300 
73.0000 
ratio and Young's modulus. The critical strain energy density 
function ' 
~ 
I 
( 4. l) 
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·Figure 4.2 Schematic of dissimilar material 
structure with interface curves. 
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for the P"1A fs computed from the area under the true stress and 
true strain curve. Sf nee the crack would fnf tfate only in P"1A, 
(dW/dV)c for aluminum 1s not needed. 
It fs proposed to detennine not only the direction of crack 
initiation angles o~ and ej (j 2 1,2, etc.,) for the horizontal and 
vertical interface cracks in Figure 4.2 but also their subsequent 
crack trajectories as the load on the crack surfaces is increased 
i n c re men ta 11 y • The superscripts hand v one. refer, respectively, 
J 
to cracks that are initially horizontal and vertical. In sequel, it 
should be understood that e~ is measured in a counterclockwise direc-
J 
tion and e~ in a clockwise direction. They are always measured from 
J 
a line directly ahead of the crack as shown in Figure 4.3 which also 
gives the dimensions used in the subsequent numerical calculations. 
Note that e~ corresponds to the first segment of crack growth from 0 
to 1 for the initially horizontal crack and e~ the angle between the 
lines 1 to 2' and l to 2 for the second segment of crack growth and 
so on. The same applied to ef, e~, etc., for the growth of the ini-
tially vertical crack. 
Uni form stress 
and vertical cracks 
of magnitude cr. is applied 
0 
in twelve (12) load steps. 
to the horizontal 
They are summarized 
in Table 4.2 and will be referred to load steps 1,2, •.• ,12. 
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Figure 4.3 Notation for crack growth segments. 
-34-
X 
Table 4.2 Load Steps Applied to Crack Surface 
Load Step 
No. 
1 
2 
3 
4 
5 
6 
Applied 
Stress 
o0x10
7 (Pa) 
22.000 
22.396 
22.896 
23.396 
23.896 
24.396 
4.2 First Step of Loading 
Load Step 
No. 
7 
8 
9 
10 
11 
12 
Applied 
Stress 
7 
a0 x10 (Pa) 
24.896 
25.396 
25.496 
25.696 
25.896 
25.900 
Since crack growth is a path dependent process, the final tra-
jectory depends on the size and number of segments taken in the 
analysis. Therefore, these segments cannot be choosen arbitrarily 
but must be determined according to the strain energy density 
criterion discussed in Chapter II. It involves the combined effect , 
of material, crack geometry and the specified number of load steps. 
Remeshing of the finite element grid pattern becomes necessary after 
each segment of crack growth. 
Displayed in Figure 4.4 are the locations of the nodes and iso-
par~metric elements used to· discretize the system in Figure 4.3. 
Fifty one (51) elements and· 304 nodes were employed. 
0 
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Figure 4.4. Grid pattern for load step No. l. 
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Smaller elements are used around the crack tip to enhance the 
numerical accuracy; they are the elements 3, 4, 12 and 13 for the 
horizontal crack and 39, 40, 42 and 46 for the vertical crack 1n 
Figure 4.4 Enlarged views of the grid pattern which show the 
numbers of the nodes and elements around the crack tip for the 
horizontal and vertical crack are given in Figures 4.5 and 4.6 
respectively. A load of a0 = 220 MPa as specified in Table 4.2 is 
applied to open each crack. 
Ene/!.gy VenLi.ity ContouJL6. The resulting constant energy density dW/dV 
countours are displayed in Figure 4.7. At the initial stage of load-
ing, the stresses and energy levels are low. This can be evidenced 
by the sparsely located contours except near the crack tip region. 
The magnitude of contour No. 1 in the aluminum is approximately 
0.59 Pa for dW/dV. Outputs for 21 contours were obtained and they 
are all spaced near the crack tip region which are not visible in 
Figure 4.7. Magnified in Figures 4.8(a} and 4.8(b) are the dW/dV 
contours in elements ahead of the initially horizontal and vertical 
crack, respectively. The magnitude of dW/dV increases monotonically 
with the contour numbers 1,2, ... ,21 as the crack tip is approached 
with maximum dW/dV = 270 MPa occurring at contour No. 21. This has 
far surpassed the (dW/dV)c value in equation (4.1) for PMMA. In 
t 
fact, dW/dV = 14 MPa contour No. 2 at distances farther away from 
the crack tip is also beyond (dW/dV}c. The precise location of 
ctack initiation, however, is still not obvious because failure by 
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Figure 4.5 Discretization near horizontal crack: 
Elements 12 and 13 in PMMA (v1 ,E1) and 
elements 3 and 4 in Aluminum (v2,E2). 
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Figure 4.7 Global volume density contours dW/dV for load step No. 1. 
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13 (PMMA) 
4 (At) 
(a) Horizontal interfac~ crack: elements 13 and 14 
39 (PMMA) (40 (At) 
(b) Vertical interface crack: elements 39 and 40 
Figure 4.8 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for. load step No. l. 
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y1eld1ng must be d1st1ngu1shed from that by fracture. Additional 
details on the fluctuation of dW/dV fs needed for detenn1n1ng the 
stationary values of volume energy density. Contours in the neigh-
boring elements in Figure 4.8 would not yield sufficient information. 
A more wide spread distribution of dW/dV is needed as given in 
Figure 4.9 and 4.10 involving the elements around horizontal and 
vertical crack. A visual inspection of the results in Figure 4.9 
and 4.10 suggest the approximate sites of dW/dV minimum may appear 
along the lines of e~ and e~ from the PMMA/aluminum interface. 
Exact locations of (dW/dV)min can be found from the numerical data. 
CJr.a.c.k.G1t.owtl1 Segment. Information on both rand a is required to 
locate the maximum of (dW/dV)min' It is not trivial to sort out the 
maximum of the many minima of dW/dV. Numerically, the searching 
process involves choosing different values of rand find dW/dV 
minimum with reference toe or vice versa. For the initially hori-
zontal crack, Figure 4.11 shows that dW/dV possesses a strong mini-
mum in PMMA at approximately 34° ore~= 34° for r~ = 0.025 m. A 
weak minimum of dW/dV also prevails in aluminum but its magnitude is 
very low. A plot of dW/dV versus r fore~= 34° is thus made in 
Figure 4.12. The intersection of (dW/dV)c = 2.084 MPa with the curve 
gives the first step crack growth of ~a~= o.osom. The same pro-
cedure is applied to the vertical crack where a minimum in dW/dV is 
also found at er= 34° in the PMMA for·r~ = 0.0375m. This is shown 
in Figure 4.13. A larger crack growth segment ~ar = 0.075 mis pre-
-42-
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Figure 4.9 Constant volume energy density contours dW/dV 
i n el eme n ts l , 2 , 5 , 6 , 7 , 1 0 , 11 , 14 , l 5 , 
16, 20 and 21 around the initially horizontal 
crack for load step No. 1. 
• 
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Figure 4.10 Constant volume energy density contours dW/dV 
in elements 32, 33,. 34, 35, 36, 37, 38, 43, 
44, 45, 48, 49, 50 and 51 around the initially 
vertical crack for load step No. 1. 
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dieted in Figure 4.14 where the variations of dW/dV with r corre-
sponds to er. 34°. 
E66ect 06 Ma.te/LULl lrthomogene,lty. The in1t1a1 step of crack growth 
1s influenced by the difference in the material properties in the 
PMMA and Aluminum because the crack is situated on the interface. 
The initial angle of crack initiation can in fact be predicted 
analytically as the closed form, solution for the strain energy 
density Sin equation (2.2) can be found in [32]. Following the 
strain energy density criterion, the condition }5/38 = 0 can be 
applied to determine e~ and e~ obtained earlier from the finite 
element solution. The details of the mathematics are given in 
$ection 8.1 of the Appendix. The results are given in Table 4.3. 
Table 4.3 Analytical Prediction of Crack Initiation 
Direction Depending on Distance from the 
Crack Tip Load Step No. 1 
Initial Crack 
Position 
Horizontal Crack 
ao = 0.250m 
Vertical Crack 
ao = 0.375m 
s 
. j 
Local 
Distance 
r1 (m) 
0.02500 
0.01000 
0.00500 
0.00250 
0.03750 
·0.01500 
0.00750 
0.00375 
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Crack Initiation 
Angle 
h V e1 and e1 
32.00° 
36.80° 
40.25° 
43.55° 
31.95° 
36.75° 
40.20° 
43.50° 
·,. 
... 
• 
The distances r~ • 0.02Sm and r; • 0.037Sm for the horizontal crack 
(a0=o.250m)and vertical crack (a0•0.37Sm) correspond to r1ta0 • 0.1. 
This is the size of the local region as the asymptotic solution used 
in Appendix s.1 agrees with the exact solution. The agreement be-
tween the prediction of 34° from the finite element analysis and 32° 
from the analytical approach is good. 
C1t.ack I ,i6.ta.b.Lli-ty. As described in Chapter I I the stability or in-
s tab i l i ty character of crack growth can be determined from the para-
meter t which is the distance between the [(dW/dV)m~x]L and m, n 
[(dW/dV)~~~JG. 
The locations of Land Gare found from the dW/dV countours in 
Figures 4.9 and 4.10. Referring to the coordinate system (x,y) in 
Figure 4.3, L~ and G~ are found to be located at (0.27073m, 
0.07648m) and (0.35988m, 0.13944m), respectively. The length of the 
line joining Land Gisi~= 0.10914m oriented at angle of 
~~ = 35.23°. The relative locations of L~ and G~ can be best illu-
strated graphically as shown in Figure 4.15(a). Theoretically 
speaking, the segment Aa~ should coincide with the line L~G~. The 
small difference is attributed to the numerical approximation arising 
. 
from finding the stationary values of the energy density function. 
Similarly, the same deviation is observed in Figure 4.15(b). For the 
vertical interface crack where the line LrGr is also noncoincidental 
with the segment Aa~ where L~ is at (1.16653m, 1 .4689lm) and G~ is at 
(1.11697m, 1.39928m). For the first load step, crack initiation from 
the horizontal interface crack is slightly more unstable than the 
' 
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(a) Horizontal interface crack 
~r = 35.45° 
l 
(b) Vertical interface crack 
Figure 4.15 Stability character growth segments 
of initial crack. 
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vertical interface crack because 1~ • 0.10914 is greatel' than 
1r = 0.08547m. 
An energy release ,quantity ASj(j•l,2,etc) can thus be defined: 
(4.2) 
The energy associated with the segment L~G~ in Figure 4.lS(a) or 
6Sh1 can be computed once the values of (dW/dV)m~x = 39.562xl0
5J;m3 m1n 
at Land (dW/dV)m~x = 4.477xl05J;m3 at·G are substituted into equa-
m1n 
tion (4.2). The result is 
6S~ = [39.562-4.477]xl05(0.10914) = 3.892xl05J;m2 (4.3) 
The same is done for the vertical crack and 6Sr is found to be 
6Sv = [45.145-8.430]xl05(0.08547) = 3.2235xl05J;m2 (4.4) 
l 
Large i is thus associated with more energy release and hence more 
instability. This is consistent with the general notion of brittle 
fracture in contrast to ductile fracture where the former is always 
accompanied by more energy release. 
4.3 Second Step of Loading 
Once crack extension has occurred, the segment 6a~ and 6ar in 
-52-
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I) 
Figures 4.12 and 4.14 must be modelled accordingly fn the ffnfte ele-
ment mesh pattern. This is done in Figure 4.16 where the cracks are 
now extended into the PMMA and a set of new crack tip elements are in-
troduced. They are tilted with elements 14, 15, 20 and 21 around 6a~ 
and elements 49, 50, 51 and 57 around ~af. The finite elements calcu-
lation is repeated to obtain a new set of dW/dV contours. 
Con.tou.Jt.6 06 EneJr.gy Ve~lty. The applied stress a is increased to 0 
223.96 MPa for the second load step following that in Table 4.2. 
The intensity of the dW/dV contours is increased accordingly even 
though the energy is still highly concentrated near the crack tip re-
gion as indicated in Figure 4.17. Contour No. 1 corresponds to dW/dV 
= 11 Pa which is twice as large as that which occurred in Figure 4.7 
for the first load step at the same approximate location. The nearest 
neighboring elements in Figures 4.18(a) and 4.18(b) provide a better 
resolution for dW/dV and illustrate how the energy density level 
rises as the crack tip region is approached. Contour No. 1, dW/dV, 
has already increased to 5.9 MPa which surpasses the critical value. 
Failure by fracture initiation is anticipated. This is even more 
clearly shown by the dW/dV contours in Figure 4.19 for the initially 
horizontal crack and in Figure 4.20 for the initially vertical crack. 
Approximate directions of additional crack growth are indicated by 
the angles e~ in Figure 4.19 and e~ in Figure 4.20. 
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Figure 4. 16 Grid pa tter'n for load step No. 2. 
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Figure 4. 17 Global volume density contours 
dW/ dV for load step No. 2. 
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21 (PMMA) 
, 
15 (PMMA) 
(a) Initially horizontal crack: 
elements 21 and 15 
(b} Initially vertical crack: 
elements 49 and 50 
. . 
• 
49 (PMMA) 
. Figure 4.18 · Constant volume energy density contours in nearest 
neighboring elements of initially ·horizontal and 
vertical crack for load step No. 2. .) 
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Figu-re 4.19 Constant volume energy density contours 
dW / d V in el eme n ts 9 , l O , 11 , 1 2 , l 3 , 16 , 
22, 23, 24 and 25 around the initially 
horizon~al crack for load step No. 2. 
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Figure 4.20 Constant volume energy density contours dW/dV in elements 38, 39, 42, 43, 44, 48, 
52, 55, 56 and 58 around the initially 
vertical crack for load steo No. 2 . . 
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CJt.a.ck G~owth Segment. Plotted 1n Figure 4.21 are the angle varia-
tions of dW/dV for r~ • O.OJ()n. Synwnetry of the curve about e • o~ 
suggests that no change in crack growth direction occurred during 
the second loading step, i.e., e~ = 0°. Decay of dW/dV in the 
direction of e~ = 0 can thus be found as given in Figure 4.22. The 
intersection of (dW/dV)c line with the dW/dV versus r curve yields 
6a~ = 0.050m. The corresponding results for the vertical crack are 
surrmarized in Figures 4.23 and 4.24. The angle o~ at r~ = 0.045m is 
found to approximately 5° while 6a~ = 0.075m. This completes the 
second loading step such that the finite element mesh pattern can 
once more be regridded to include the additional extensions of 6a~ 
V and ~a 2. 
. ( )max h h G~owth Stab~. Calculating dW/dV min at L2 and G2, 
t~ = 0.11690m can be found for the initially horizontal 
the parameter 
crack after 
the first step of growth. For the vertical crack, the locations of 
L~ and G~ are also obtained to yield i~ = 0.10035m which remains 
sma~ler than 2~. This means that the initially horizontal crack 
would also be more unstable for the second crack growth step. Again, 
equation (4.2) can be applied to give 6S~ = 5.2935xl05J/m2 and 
tS~ = 4.3834xl05J/m2• More energy is used in a less stable crack 
growth process. 
4.4 Terminal Step of Loading 
Since the crack growth behavior frQm load step No. 3 to No. 11 
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follows a sfmflar pattern, there fs no need to labor on the fnterfor 
results. They can be found in the Appendix. To be discussed in this 
section is the terminal step for a = 259 MPa when both cracks become 0 
unstable in growth. The local strain energy density level is far be-
yond (dW/dV)c that corresponds to unbounded crack growth. Referring 
to Figure 4.25, it can be seen that two crack tips are sufficiently 
close for their stress fields to interact. A schematic of the two 
I 
crack trajectories can be found in Figure 4.26 where the dW/dV near 
4 the cracks is highly elevated up to the order of 10 Pa. In the im-
mediate~inity of the crack tips in Figures 4.27(a) and 4.27(b), 
two additional orders of gain in dW/dV are attained. This is attrib-
uted to the effects of interaction of the two crack tips that can be 
evidenced from the dW/dV contours in Figure 4.28. With no change in 
the direction of crack growth predicted from the data in Figure 4.29 
or e~2 - 0, dW/dV can be plotted as a function r. The curve in Fig-
ure 4.30 is a little below the (dW/dV)c. This indicates that the low-
er crack tip is ready to reach instability. The data in Figures 4.31 
and 4.32 show that the upper crack has become unstable with a tenden-
cy to turn towards the lower crack because ef2 in Figure 4.31 is nega-
tive. There is a definite tendency ~r both cracks wanting to inter-
sect. 
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Figure 4.26 Global volume density contours 
dW/dV for load step No. 12. 
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V. DISCUSSION OF RESULTS 
Having presented the details on determining the crack trajec-
,· 
tor1es, it is worthwhile to obtain an overall view of the method of 
approach and solution. Since the search for the stationary values 
of a function with two independent variables is not straightfonr1ard 
particularly when the procedure involves numerical approximations, 
' 
results depend a great deal on the judgement of the analyst. Deter-
mination of the numerical data involved the following three steps: 
1 Distribution of the overall energy density field is 
obtained for each load step. 
• Localized elevation of the energy density in the 
nearest elements to the crack tip is obtained to 
establish the range of energy density variations. 
1 Detennined then is the intermediate region within 
which the fluctuation of the energy density function 
can be found with sufficient accuracy for locating 
the sites of crack initiation. 
In what follows, the data for all of the twelve (12) loadings in 
Table 4.2 will be summarized to give an account on the development of 
the crack trajectories and their tendency to intersect. 
5.1 Overall Energy Density Field 
Constant energy density contours for the twelve (12) overall 
energy density fields can be- found in Figures 4.7, 4.17, 4.26 and 
those in Appendix 8. The corresponding numerical values of the 21 
. 
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d,1/dV contours are given 1n Table 5.1 for both cracks. All of the 
contours are so closely spaced near the crack tip region which 1s 
extremely small 1n comparison with the dimensions of the structure. 
The data 1n Table 5.1 only reveals the monotonic increase in dW/dV 
as the distance to the crack tip 1s decreased. This corresponds to 
an increase in the contour number with number 21 being closest to the 
crack tip. Except for the initial step of contour No. l, all of the 
others have exceeded (dW/dV) . C 
5.2 Localized Elevation of Energy Density 
Equation (2.2) shows that for cracks in a homogeneous material, 
the energy density function presents a 1/r singularity with r being 
the distance from the crack tip. That is, dW/dV becomes increasingly 
large as r approaches zero. This feature is shown by the gradients 
of the dW/dV contours in Figures 4.8, 4.18, 4.27 and those in 
Appendix 8. The magnitudes of the local dW/dV contours are given 
in Table 5.9 for the initially horizontal crack and Table 5.3 for the 
initially vertical crack. Decrease of dW/dV with increasing contour 
number being proportional to the distance from the crack vary in 
accordance with the load history for each increment of crack growth. 
The relative change in the character of dW/dV decay cannot be seen 
from the data in Tables 5.2 and 5.3. It would be best to examine the 
dW/dV contours over a larger region surrounding the crack tip. 
' 
l 
_l 
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crack tir. Except for the initial step of contour No. l, all of the 
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- Equation (2.2) shows that for cracks in a homogeneous material, 
the energy density function presents a 1/r singularity with r being 
the distance from the crack tip. That is, dW/dV becomes increasingly 
large as r approaches zero. This feature is shown by the gradients 
of the dW/dV contours in Figures 4.8, 4.18, 4.27 and those in 
Appendix 8. The magnitudes of the local dW/dV contours are given 
in Table 5.9 for the initially horizontal crack and Table 5.3 for the 
initially vertical crack. Decrease of dW/dV with increasing contour 
number being proportional to the distance from the crack vary in 
accordance with the load history for each increment of crack growth. 
The relative change in the character of dW/dV decay cannot be seen 
from the data in Tables 5.2 and 5.3. It would be best to examine the 
dW/dV contours over a larger region surrounding the crack tip. 
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Table 5.1 Values of Overall Volume Density Contours dW/dV (MPa) in B1mater1al Structure 
Load Step/ 1 2 3 4 5 6 7 8 9 10 1 1 12 Contour No. 
1 59xl0-S llxlo- 6 18xlo-6 llxl0-6 18xl0-6 18xlo-6 lOxl0-6 31xlo-6 10x10-S 35xl0-
6 53xl0-S llx10·4 
2 20 26 25 20 21 22 18 19 20 21 23 25 
3 41 53 50 40 41 44 36 37 39 43 46 52 
·4 61 79 75 60 62 67 53 56 59 64 69 77 
5 82 110 100 80 83 89 71 74 78 85 92 100 
6 100 130 120 100 100 110 89 93 98 110 110 130 
7 120 160 150 120 120 130 110 11 o 120 130 140 150 
I 8 140 190 170 140 140 160 120 130 140 150 160 180 
.......... 
°' 
9 160 21 o 200 160 170 180 140 150 160 170 180 210 I 
10 180 240 220 180 190 200 160 170 180 190 210 230 
1 1 200 260 250 200 210 220 180 190 200 210 230 260 
12 220 290 270 220 230 240 200 200 220 240 250 280 
13 240 320 300 240 250 270 210 220 230 260 280 310 
14 270 340 320 260 270 290 230 240 250 280 300 340 
15 290 370 350 280 290 310 250 260 270 300 320 260 
16 310 400 370 300 310 330 270 280 290 320 340 390 
17 330 420 400 320 330 360 280 300 310 340 370 410 
18 350 450 420 340 450 380 300 ··320 330 360 390 440 
19 370 480 450 360 370 400 320 330 350 380 410 460 
20 390 500 470 380 390 420 340 350 370 410 440 490 
21 410 530 500 400 410 440 360 370 390 430 460 520 
Table 5.2 Constant Volume Energy Density Contours dW/dV (MPa) 1n Nearest 
• Neighboring Elements for Initially Horizontal Crack. 
Load Step/ 1 2 3 4 5 6 7 8 9 10 1 1 12 Contour No. 
1 JOxl0- 2 54x10-l 50x10-l 40x10-l 30x10-l 31xl0-l 1 Axl 0- l 21xl0-l 20x10-l 23x10-l 
22xl0-l JOxlO-l 
2 14 32 30 24 23 25 20 21 21 24 25 29 
3 27 58 55 44 44 47 37 39 41 45 48 54 
4 41 84 79 64 64 69 55 58 60 66 71 80 
5 54 110 100 83 85 91 73 76 80 87 94 110 
6 p8 140 130 100 110 110 90 94 99 110 120 130 
I 7 81 160 150 120 130 140 110 110 120 130 
140 160 
'-J 
......, 8 95 190 180 140 150 160 130 130 140 150 160 180 
I 
9 110 220 200 160 170 180 140 150 160 170 190 210 
10 120 240 230 180 190 200 160 170 180 190 210 
230 
1 1 140 270 250 200 210 220 180 190 200 210 230 
260 
12 150 290 280 220 230 250 200 210 220 240 250 
290 
13 160 320 300 240 250 270 210 220 240 260 280 
310 
14· 180 350 330 260 270 290 230 240 260 980 300 
340 
15 190 370 350 280 290 310 250 260 270 300 320 
360 
16 200 400 380 300 310 330 270 280 290 320 
350 390 
17 220 430 400 320 330 360 290 300 310 340 
370 410 
18 230 450 430 340 350 380 300 320 330 360 
390 440 
19 240 480 450 360 370 400 320 330 350 380 410 
460 
20 260 500 480 380 390 420 340 350 370 410 440 
490 
21 270 530 500 400 410 440 360 370 390 430 
460 520 
I 
......., 
co 
I 
Load Step/ 
Table 5.3 Constant Volume Energy Density Contours dW/dV (MPa) in Nearest 
Neighboring Elements for Initially Vertical Crack. 
l 2 3 4 5 6 7 8 9 10 Contour No. 
,, 
1 45x10- 2 45x10-l 36xl0-l 20xlo-2 16xl0-l 89xlo-
2 6xl0-2 45xlo-2 59xlo-2 69xlo-2 
2 18 27 26 17 17 14 14 13 12 
12 
3 36 49 48 32 33 26 27 25 24 
23 
4 54 71 70 46 49 39 40 38 35 
35 
5 72 93 92 61 65 52 53 50 47 46 
6 90 120 110 76 80 65 65 63 58 
57 
7 110 140 140 91 96 77 78 75 70 69 
8 130 160 160 110 110 90 91 88 81 
80 
9 140 180 180 120 130 100 100 100 93 
91 
10 160 200 200 140 140 120 120 110 100 
100 
11 180 230 230 150 160 130 130 120 120 
11 o 
12 200 250 250 160 170 140 140 140 130
 130 
13 210 270 270 180 190 150 160 150 140 140 
14 230 290 290 190 210 170 170 160 150 150 
15 250 320 310 210 220 180 180 170 160 160 
16 270 340 340 220 240 190 200 190 170 170 
17 290 360 360 240 250 200 210 200 190 180 
18 300 380 380 250 270 220 220 210 200 190 
19 320 400 400 270 290 230 230 220 210 200 
.20 340 430 430 280 300 240 250 240 220 220 
21 360 450 450 300 320 260 260 250 230 2
30 
1 l 12 
15x10·1 27x10·1 
14 17 
26 32 
39 47 
51 62 
64 77 
76 92 
88 110 
100 120 
110 140 
130 150 
140 170 
150 180 
160 200 
180 210 
190 230 
200 240 
210 250 
220 270 
240 280 
250 300 
5.3 Energy Density D1str1but1on Around Crack 
; 
Tables 5.4 and 5.5 consist of the numerical values of dW/dV 
over a larger region around the cracks. They reveal the consistent 
decay of dW/dV as the distance from the crack tip is increased. The 
level of the dW/dV curve increases with load. At load steps 11 and 
12, the lowest portion of the curve starts to rise above the (dW/dV)c 
level. This implies unbounded crack growth or instability. This 
feature is more clearly seen in Figures 4.30 and 4.32. Reference 
should also be made to those for load step No. 11 in Appendix 8. 
5.4 Crack Trajectories 
Having decided on the appropriate accuracy of the numerical 
calculations for finding the relative maximum of minimum dW/dV, 
equation (2.3) were thus applied for obtaining the 6a1 and 6aj with 
their corresponding angles e~ and ej (j=l ,2, .•. ,12). These 
results are given in Tables 5.6 and 5.7. The distances r1 and rj 
are the deviations that correspond toe~ and ej, respectively. Except 
for the initial change in the direction of crack growth caused by the 
influence of the material inhomogeneity since the crack tip is close 
to the aluminum, the cracks grew nearly straight as e~ and ej are 
zero for the most part of the load steps. This is seen from the 
schematic of the crack trajections in Figure 4.31. The segments of 
crack growth predicted from.equation (2.3) are O ~ l, 1 ~ 2, etc., 
-
the sum of which form the path of crack extension. The points G~ J 
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Table 5.4 Constant Volume Energy Density Contours dW/dV (HPa) in Elements 
Around Initially Horizontal Crack . 
. 
Load Step/ • * * * * 1 2 3 4 5 6 7 8 9 10 1 1 12 Contour No. 
1 2.7x10-S 1.6xl0-J 2.Jxlo-3 1.lxlo-3 8.9xl0 -4 1 .OOxlO-J l.lxlo- 3 6.7xlo-6 1.6xlo-4 3.7xl0 -4 7.SxlO -4 l.3x10-J 
2 1 . 9 2.5 1 . ! 8.6x10-l 8.2xl0-l 8.lxlo-1 6.6xlo- 1 6.9xl0 -1 7.3x10 -1 8.2xl0-l 8.0xlO-l 9.9xl0 -1 
3 3.7 5. 1 2.3 1 . 7 1 . 6 1 . 6 1 . 3 1 . 4 1 . 5 1 . 6 1 . 6 2.0 
4 5.6 7.6 3.5 2.6 2.4 2.4 2.0 2. 1 2.2 2.5 2.4 3.0 
5 7.4 10.0 4.7 3.4 3.3 3.3 2.7 2.7 3.3 3.2 4.0 
6 9.3 13.0 5.8 4.3 4. 1 4. 1 3.3 3.4 3.6 4. 1 4.0 4.9 
7 11 . 0 15.0 7.0 5.2 4.9 4.9 4.0 4. 1 4.4 4.9 4.8 5.9 
8 13.0 18.0 8.2 6.0 5.7 5.7 4.6 4.8 5.1 5.7 5.6 6.9 I 
co 9 15.0 20.0 9.3 6.9 6.5 6.5 5.3 5.5 5.8 6.6 6.4 7.9 0 
I 10 1 7. 0 23.0 10.0 7.7 7.3 7.3 6.0 6.2 6.5 7.4 7.2 8.9 
1 1 19.0 25.0 12.0 8.6 8.2 8. 1 6.6 6.9 7.3 8.2 8.0 9.9 
12 20.0 28.0 13.0 9.5 9.0 8.9 7 .-3 7.5 8.0 9.0 8.8 11 . 0 
13 22.0 30.0 14.0 10.0 9.8 9.8 8 .0" 8.2 8.7 9.8 9.6 12 .o 
14 24.0 33.0 15.0 11 . 0 11 . 0 11 . 0 8.6 8.9 9.5 11 . 0 10.0 13.0 
15 26.0 35.0 16.0 12 .0 11 . a 11 .o 9.3 9.6 10.0 11 . 0 11 . o 14.0 
16 28.0 38.0 17.0 13.0 12.0 12.0 10.0 10.0 11 .0 12.0 12.0 15.0 
17 30.0 41 .o 19.0 14.0 13.0 13.0 11 .0 11 . 0 12 .o 13 .0 13.0 16 .0 
18 32.0 43.0 2.00 15.0 14.0 14.0 1-1 • o 12.0 12.0 14.0 14.0 17 .0 
19 33.0 4S.O 21 .0 15.0 15.0 15.0 12. 0 12 .0- 13.0 15.0 14.0 18.0 
20 35.0 48.0 22.0 16 .0 16.0 15.0 13.0 13.0 14.0 16.0 15.0 19 .0 
21 37.0 51 .0 23.0 17. 0 16.0 16.0 13 .0 14.0 15.0 16.0 16.0 20.0 
* From load step No. 8 and on, the dW/dV contour are given in regions outside both horizontal and vertical cracks. 
I 
CX) 
~ 
I 
* 
Load Step/ 
Contour No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1 
1.2 
13 
14 
15 
16 
17 
18 
19 
20 
21 
Table 5.5 Constant Volume Energy Density Contours dW/dV (MPa) in Elements 
Around Initially Vertical Crack. 
• • • 1 2 3 4 5 6 7 8 9 10 
3.4xl0 -4 l.lxlO -3 2.Jxlo- 3 6.0xl0- 3 9.40xl0 -3 l . sax la -2 1 . 6x 10 -2 6.7xl0 -6 1 . 6x 10 -4 3.7xlo-4 
1 . 8 2.0 1 . 2 6.lxlO-l 6.lOxlO -1 5. 70x 10 -1 5.SxlO -1 6.9xl0 -1 7.3x10· 1 8.2xl0-l 
2.5 4. 1 2.3 1 . 2 1 . 2 1 . 1 1 . 1 1 . 4 1 . 5 1 . 6 
5.3 6. 1 3.5 1 .8 1 . 8 1 . 7 1 . 6 2. 1 2.2 2.5 
7. 1 8 .1 4.7 2.4 2.4 2.2 2. 1 2.7 3.3 
8.8 10.0 5.8 3.0 3.0 2.8 2.7 3.4 3.6 4 .1 
11 . 0 12.0 7.0 3.6 3.6 3.3 3.2 4. 1 4.4 4.9 
12.0 14.0 8.2 4.2 4.2 3.9 3.7 4.8 5. 1 5.7 
14.0 16.0 9.3 4.8 4.8 4.4 4.3 5.5 5.8 6.6 
16.0 18. 0 10.0 5.5 5.4 5.0 5.3 6.2 6.5 7.4 
18.0 20.0 12.0 6. 1 6.0 5.5 4.8 6.9 7.3 8.2 
19.0 22.0 13. o 6.7 6.6 6 .1 5.9 7.5 8.0 9.0 
- 21 . 0 24.0 14.0 7.3 7.2 6.6 6.4 8.2 8.7 9.8 
23.0 26.0 15.0 7.9 7.8 .] . 2 6.9 8.9 9.5 11 .0 
25.0 28.0 16.0 8.5 8.4 7.7 7.5 9.6 10.0 11 . 0 
26.0 30.0 17. 0 9 .1 9.0 8.3 8.0 10.0 11 . 0 12 .0 
28.0 32.0 19.0 9.7 9.6 8.8 8.5 11 . 0 12.0 13 .0 
30.0 34.0 20.0 10.0 10.0 "9.4 9 .1 1.2. 0 12·.0 ~4.0 
32.0 36.0 2·1 .o 11 .0 11 . 0 1 a .o 9.6 12.0 13.0 15.0 
34.0 38.0 22.0 12 .0 11 . 0 ll.O 10.0 13. 0 14.0 16 .o 
35.0 41. o 23.0 12 .0 12 .0 11 .0 11 . 0 14.0 15.0 16 .0 
From load step No. 8 and on, the dW/dV contour are given in regions outside both horizontal and vertical cracks. 
* * 1 1 12 
7.SxlO -4 l . 3x 10 -3 
8.0xlO-l 9.9xl0 -1 
1 . 6 2.0 
2.4 3.0 
3.2 4.0 
4.0 4.9 
4.8 5.9 
5.6 6.9 
6.4 7.9 
7.2 8.9 
8.0 9.9 
8.8 11 . 0 
9.6 12.0 
10 .0 13.0 
11 .0 14.0 
12 .0 15.0 
13.0 16.0 
14.0 17.0 
14.0 18.0 
15 .0 19.0 
16.0 20.0 
Table 5.6 Crack Growth Segments and Angles for the 
Initially Horizontal Crack of Half Length .25m. 
Load Step 
No. 
l 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 l 
12 
Half-Crack 
Length 
h 
aj_ 1(m) 
0.250 
0.300 
0.350 
0.425 
0.475 
0.535 
0.600 
0.600 
0.720 
0.780 
0.840 
0.900 
-
Growth 
Segment 
tia1 (m) 
0.050 
0.050 
0.075 
0.050 
0.060 
0.065 
0.060 
0.060 
0.060 
0.060 
0.060 
Local 
Distance 
r~ (m) 
0.0250 
0.0300 
0.0325 
0.0425 
o:o4so 
0.0450 
0.0575 
0.0575 
0.0575 
0.0575 
0.0575 
0.0575 
Direction of Growth 
(Counterclockwise) 
a~ 
J 
+34° 
+ 20 
- 90 
oo 
oo 
oo 
oo 
ao 
oo 
oo 
oo 
ao 
and Gj (j=l,2, ... ,12) correspond to the locations of [(dW/dV)~~~]G 
and will be discussed subsequently in connection with the index of 
instability. 
5.5 Index of Crack Instability 
According to the strain energy density criterion [27,33], the 
stability of crack growth can also be determined from the index of 
instability denoted as tin Figure 2.5. It is the distance between 
[(dW/dV)ma,.x]L and [(dW/dV)ma,.xJG and can be determined for each seg-
m n m n -
ment of crack growth, i.e., i~ and i~ (j=l ,2, ... ,12) with the 
J J 
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Table 5.7 Crack Growth Segments and Angles for the 
Initially Vertical Crack of Half Length .375m. 
Load Step 
No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
Ha 1 f-crack 
Length 
V 
aj_ 1(m) 
0.375 
0.450 
0.525 
0.600 
0.675 
0. 750 
0 .825 
0. 900 
0 .975 
1.055 
l .145 
1.235 
Growth 
Segment 
tiaj (m) 
0.075 
0 .075 
0.075 
0.075 
0 .075 
0 .075 
0.075 
0 .075 
0 .080 
0 .090 
0 .090 
Local 
Distance 
rj (m) 
0.0375 
Q.0450 
0.0450 
0.0600 
0.0600 
0.0700 
0 . 0700 
0 . 0700 
0 .0700 
0 . 0700 
0 . 0700 
0 . 0700 
Direction of Growth 
(Counterclockwise) 
ov j 
34° 
50 
-22° 
oo 
oo 
+20 
oo 
+ao 
+20 
oo 
oo 
-20° 
corresponding angles$~ and $j. The (x,y) coordinates of L1 and G~ 
are given in Table 5.8 and of Lj and Gj in Table 5.9. They determine 
the distances 2~ and 2j. Tabulated are also OG~ and oGj. The angles 
$1 and $j are measured, respectively, from the horizontal and ver-
tical line as shown in Figures 4.15(a) and 4.15(b) for the first step 
of loading, i . e. , j = 1 . 
Summarized in Tables 5.10 and 5.11 are the values of 2~ and 2j 
for j = 1 ,2, ...• 12. Both i~ and i~ fluctuates; they increased 
.J J -
initially for the first two loading steps and then decreased rapidly. 
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OJ 
~ 
I 
,·, 
Load 
Step 
No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
• 
Table 5.8 Coordinates x,y (m) of Crack Tip, Local and Global (dW/dV)~x for 
Initially Horizontal Crack. m n 
Crack Tip 
X y 
0.25000 0.06250 
0.29145 0.09046 
0. 33291 0 .11842 
0.40088 0.15018 
0.44620 0. 17125 
0.50058 0.19661 
0.55949 0.22408 
0.61387 o.24948 
0.66825 0.27480 
0.72263 0.30016 
0. 77701 0.32552 
0.83139 0.35088 
. .;+ . . .• ., 
L~ 
J 
X y 
0.27073 0.07648 
o.31632 0.10724 
0.36237 0.13216 
0.43940 0 .16814 
0.48698 0 .19027 
0.54136 0.21563 
0.61160 0.24838 
0.66598 0.27378 
0.72036 0.29910 
0.77474 0.32446 
0.82912 0.34982 
0.88350 0.37518 
G~ 
J 
X y 
0.35988 0 .13944 
0.41178 0.17472 
0.41970 0.17919 
0.48544 0.19142 
0.53898 0.21852 
0.59426 0.24434 
0.66870 0.27973 
0.72126 0.30901 
0.77564 0.33433 
0.83293 0.36384 
0.88638 0.38867 
0. 13414 
0 .14690 
0. l 0595 
0.09408 
0. l 0413 
0. l 0514 
0 .12257 
0. 12279 
0 .12279 
0 .12736 
0 .12629 
I 
(X) 
<.n 
I 
Load 
Step 
No. 
l 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
Table 5.9 Coordinates x,y (m) of Crack Tip, Local and Global (dW/dV)~~ 
for Initially Vertical Crack. 
Crack Tip 
X y X 
l .18750 1.50000 1.16653 
1.14556 1 . 43782 1.12040 
1.10362 l . 37564 1 .09426 
l . 08803 l . 30228 l . 07556 
l .07244 1.22892 l .05997 
l . 05684 l .15557 1 .04229 
1 . 04125 1 . 08221 l. 02670 
l . 02566 l . 00885 1 . 00172 
l . 00001 0.93837 0.97607 
0.97265 0.86319 0. 94871 
0.94187 0.77862 0.91793 
0.91109 0.69405 0.91109 
L~ 
J 
y 
1 . 46891 
1 .40673 
1 . 33162 
1.24359 
1.17023 
l . 08710 
l .01374 
0.94307 
0.87259 
0.79741 
0.71284 
0.62405 
, 
X y 
1.11697 1.39928 
l .05916 1 .32723 
1 .03023 1 .26683 
1 .05315 l .18062 
1.02920 l .10335 
0.99585 l .03051 
0.98025 0.95713 
0.96585 0.88053 
0.93201 0.81048 
0.89983 0.73705 
0 .12296 
0. 14034 
0.13125 
0 .12656 
0.13281 
0.13914 
0.13916 
0.14153 
0 .14484 
0 .14565 
.. 
Table 5.10 Values of Maximum of M1n1ma Local and Global Strain 
Energy Densities for the Initially Horizontal Crack 
Load Step [(dW/dV)m~x] [(dW/dV)max] ,h ~h min L min G 
No. x105(J/m3) xl.05( J/m3) 
j j 
(m) 
1 39.562 4.477 0. 10914 35.33° 
2 50.511 5.229 0. 11690 35.25° 
3 36.618 10.029 0 .07415 39.36° 
4 29.653 6.422 0.05159 26.82° 
5 30.559 3.407 0.05918 28.51° 
6 31 .448 2.984 0. 06019 28.48° 
7 20. 143 1 .098 0 .06514 28.77° 
8 21 . 351 0 .846 0.06555 32.51° 
• 
9 22. 105 \ 0.919 0 . 06555 . 32.51° 
10 25.901 ) 3.228 0 . 07020 34.09° 
11 28.815 2. 110 0.06940 34. 15 ° 
-
-12 - -
Table 5.11 Values of Maximum of Minima Local and Global Strain 
Energy Densities for the Initially Vertical Crack 
Load Step [(dW/dV)m~x] [(dW/dV)m~x] i~ <P~ min L min G 
No. x105(J/m3) x105(J/m3) 
J J 
• (m) 
l 45. 145 8.430 0.08547 35.45° 
2 51.343 7.662 0 .10035 37.61° 
3 43. 121 8. 113 0.09109 44.60° 
4 31.892 2.386 0.06684 19.58° 
5 29.625 0. 719 0.07362 24.70° 
6 25.751 0 .613 0.07325 39.36° 
7 22.852 0. 191 0.07326 39.36° 
8 25.111 4 .171 0. 07210 
29.83° 
9 25.368 6.837 0 . 07615 35.35° 
10 38.812 12.364 0 .07767 
36. 13° 
-
-l 1 - -
-
-12 - -
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They rise again after load step No. 4 but more gradually. This 
..... 
... 
trend is seen in Figure 5.2. The two curves cross each other 
between load step No. 2 and No. 3. Initially, both cracks at the 
interface are affected by the difference in material properties of 
the PMMA and aluminum. Therefore, their growth instability increases 
as shown by the increase of:~ and~~. The horizontal crack is more 
J J 
unstable than the vertical crack because its tip is closer to the 
structure boundary by the ratio of 2.3 as shown in Figure 4.3. As 
the crack grows deeper into the PMMA, they become less affected by 
the dissimilar material effect and the relative stability of the 
two cracks alters accordingly. The initially vertical crack re-
gains stability faster than the initially horizontal crack. This 
occurs at load step No. 3 where ij becomes larger than l1 and re-
mains so thereafter. 
The same applies to the crack increment energy release quantity 
~S defined in equation (4.2). Their values for both cracks are cal~ 
culated from the data in Tables 5.10 and 5.11 and given in Table 
5.12. The curves for 6S1 and 6Sj in Figure 5.3 shows that 6S1 and 
6Sj with load step are the same as those for i1 and ij in Figure 5.2. 
The quick rise in 6S~ and 6S~ at load steps No. 11 and 12 correspond 
J J 
to the onset of crack growth instability. This also shows up in the 
plots of load versus crack growth exhibited in Figures 5.4 and 5.5. 
Prior to crack instability,··the load P increased almost linear.ly with 
crack growth. A decrease in P occurs when the cracks become unstable. 
;, 
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Load Step 
No. 
• 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
• 
Table 5.12 Crack Increment Energy Release 
t.Sh j 
x105{J/m2) 
3.82918 
5.2935 
1.9716 
1 • 1985 
1.6069 
1 . 71 32 
1 . 2406 
1 . 3441 
1.3887 
l . 5916 
l . 8533 
-
3. 1388 
4.3834 
3. 1889 
1 • 9722 
2. 1281 
l . 8414 
l . 6601 
1 • 5098 
1.4111 
2.0542 
-
-
To surmnarize, the results in Figures 5.2 and 5.3 show that 
stability of the two growing cracks are affected by the load, 
geometry and material in different ways. Three distinct stages, I, 
II and III in Figure 5.3 are observed: 
1 Stage I - Growth of both cracks are affected by the dif-
ference in the material properties of the PMMA and 
aluminum and hence large fluctuations occurred in the 
index of instability. 
• Stage II - Both cracks grew with only slight variations 
in their stability .. 
1 Stage III - Final instability of the system occurs when the 
two cracks coalesce. 
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VI. CONCLUSIONS AND FUTURE WORK 
One of the fundamental problems fn fracture mechanics is to de-
scribe crack initiation and propagation in a consistent manner by a 
single failure criterion. Although many attempts have been made, none 
of the criteria such as energy release rate, stress-intensity factor, 
path independent integral, etc., could meet the requirement. For this 
reason, multiple fracture has remained always as a topic for future 
research. An attempt has been made in this thesis to come forth with 
a methodology that could model multiple crack extension ~ithout re-
sorting to a priori assumptions on the direction and/or the segment of 
crack growth as the load is increased incrementally. To this end, the 
strain energy density criterion [16] was selected and applied to the 
finite element numerical results for a system with two cracks at the 
interface of two dissimilar materials made of PMMA and aluminum. Ini-
tial cracking occurred in the PMMA and the path of failure increased 
with load until the two extended cracks met at a common location. De-
termined were the complete trajectories of the two cracks and the cor-
responding stability characteristics. Required were a knowledge of 
,. 
the local and global maximum of the minimum volume energy density 
function denoted, respectively, as [(dW/dV);~~]L and [(dW/dV);~~]G in 
the text. The distance between Land G is.known as the index of in-
stability 11 211 which was first used in [33] to study the stability 
characteristics of material ·inhomogeneity. In this way, the stage of 
subcritical crack growth leading up to system instability was deter-
~ 
mined. While the present results revealed many aspects of multiple 
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fracture that were not known previously, there remaf ns a number of 
fundamental refinements that could be made to gain a better under-
standing on the mechanics of fracture. 
6.1 Incremental Energy Release 
The incremental energy release quantity ~Sj (j = 1,2, etc.) as de-
fined in equation (4.2) is only approxima~e. Since (dW/dV). decays in J 
a nonlinear fashion as the distance from the crack tip is increased, 
~S. or S. for the jth crack s~gment should be calculated from an inte-J J 
gral of the form 
R. • 
J 
s. = J J 0 
Refer to Figure 6.1 for the differential element dr. 
( 6. 1 ) 
\4ha t S. repre-J 
sents is the incremental energy release as the crack extends from L to 
G; it is equivalent to the Griffith energy release rate quantity [1, 
2]. 
For Mode I crack extension, equation (6.1) can be related to 
Gl = 
(l-\)2)Kf 
E (6.2) 
for plane strain. This can be best accomplished by solving the prob-
lem in Figure 6.2 both analytically and numerically. The Mode I 
stress intensity factor in equation (6.2) would be of the form 
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(dW/dV). 
J 
jth crack 
C 
C 
~dr 
.._~~~~~~1.~~~~--~~ 
J 
Figure 6 .1 Decay of energy density • a segment 1n 
of crack growth. 
a 
0 
i\ I~ 1\ ,, 
' ' 
. ' j ' 
j~ J \ ,, ! ~- ' \ 
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~a >IE a >I 
' I 
\ I I I 
' J I I 'I , I I • I I 
' I ' 
a 
~~------b~----~
0
--~---b--~~~ 
Figure 6.2 Uniform of extension of a center-cracked panel 
with finite dimensions. . 
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j ~ 
for a fixed value of c. Numerically, S fn equation (6.1) or 
1 
S a f (i)dx (6.4) 
0 
can be found for different ratios of b/a. As the panel w;dth 2b be-
comes large in comparison with the crack length 2a, both G1 in equa-
tion (6.2) and Sin equation (6.4) will increase accordingly. The two 
curves will meet in the limit as b-+<x> or a/b ~ O that corresponds to a 
panel of infinite width. In general, G1 is defined for a crack exten-
sion ~a~ 0 while S corresponds to the energy released for a finite 
segment of crack extension from L to G where Lis also at a finite 
distance r away from the crack tip as shown in Figure 6.1. 0 
The anticipated results in Figure 6.3 would clarify the theoreti-
cal definition of G1 and the energy release for a finite segment of 
~rack extension that would correspond to the situation in an actual 
experiment. 
6.2 Dynamic Effects 
If the loadings a on the crack surfaces in Figure 4.3 are applied o 
suddenly, then inertia effects would have to be included in the anal-
ysis. This would alter the multiple fracture characteristics that 
have been discussed previously for cracks in homogeneous materials 
[16,34-36]. Bifurcation is a possible phenomenon [37]. The dynamic 
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Figure 6.3 Comparison of classical energy release rate 
with that from energy density criterion. 
fracture initiation pattern of cracks situated at the interface of 
two dissimilar materials has been studied [38] but not with sufficient 
detail. There is no difficulty involved in applying the strain ener-
gy density criterion since it remains valid for dynamic loading. The 
finite element procedure~ however, needs to be modified to include the 
inertia of the material elements. Several options are available for 
obtaining transient stress/strain solutions, the details of which 
would be left for. future considerations. 
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VIII. APPENDICES 
The details of detenn1n1ng the crack trajectories and the corre-
sponding data for all of the twelve (12) loadings have been presented 
in chapters 4 and 5. The mathematical details of predicting the direc-
tion of crack initiation of the bimaterial crack for loading step No. 1 
are given in the following section. 
I 
Also since the crack growth behavior from load step No. 1 to No. 
11 follows a similar pattern as load step No. 1, 2 and 12 (described 
in Chapter 4), the grid pattern, strain energy density contours and~ 
the variations of energy density with angle and distance are pre-
sented in the following sections. 
8.1 Initiation Direction of Bimaterial Interface Crack. 
The initial step of crack growth was caused by the influence of 
the material inhomogeneity because the crack tip is situated on the 
interface of PMMA and aluminum as shown in Figure 8.1. 
p MMA ' ' E -1 , v 1 a 
' 
' ..... ,, ..... 1 
, f t t 
/ 
// 
Figure 8.1 Crack situated on PMMA and aluminum interface. 
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The initial angle of crack 1n1tfat1on can be predicted analytically 
as the closed fonn, solution of the strain energy density factor S 
given in equation (2.2) can be found in (32]. Following the strain 
energy density criterion, the conditions aS/aa • O and aS2/aa2 > O, 
the angles e~ and a~ of crack initiation can be found. The strain 
energy density factor Stakes the fonn of 
• 
(8. l ) 
The coefficients a1j(i,j = 1,2,3) are given for 
+ e-2(rr-e)t(cose+2tsine)2 + e2(rr-e)t_ 2(cose+2tsine) 
x cos[e+2£log(r/a)J 
(8.2) 
+ 2(cose+2£sine)sin[e+2£1og(r/a)] 
+ e-2(rr-e}t(cose+2tsina) 2 + e2(rr-e}t + 2(cose+2tsine) 
,' 
, 
'-, 
- ' 
x cos[e+2slog(r/a).J 
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where~ is the shear modulus of elasticity and c fs a b1mater1al con-
. stant given by 
k k 
c • 1 109 [ ( 1 + 1 ) / ( 2 + 1 ) ] 
2ff IJ 1 ll2 11 2 IJ 1 (8.3) 
The relation kj = 3 - 4vj (j=l,2) holds for both materials under the 
condition of plane strain. 
For this configuration asy11metry prevails in both loading and 
material, so two types of stress intensity factors are present [21] 
k1 = a/a[cos{e:log2a) + 2e:sin(e:log2a)]/cosh(rre:) 
(8.4) 
K2 = -a/a[s in { e: 1 og2a) - 2e:cos { e: 1 og2a) ]/ cosh ( rre:) 
Results for local distances r/a = r1;a0 of 0.1, 0.04 and .01 for both 
horizontal and vertical crack are given in Table 4.3. 
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Figure 8.11 Global volume density contours 
dW/dV for load step No. 3. 
-116-
c "".. J___ ________________________________________________ __:::::::::::::::::::::::~l__.):;::::'.· ~-----------------------3.!j, 
Figure 8.12 Global volume den~ity contours 
dW/dV for load step·No. 4. 
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<· Figure 8.13 Global volume density contours 
dW/dV for load step No. 5. 
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Figure 8.14 Global volume density contours 
dW/dV for load step No. 6. 
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Figure 8. 15 Global volume density contours 
dW/dV for load step No. 7. 
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Figure 8.16 Global volume density contours 
dW/dV for load step No. 8. 
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Figure 8.17 Global volume density contours 
dW/dV for load step No. 9. 
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Figure 8.18 Global volume density contours C 
dW / d V far l o ad step r Jo • 1 O • 
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Figure 8.19 Global volume density contours 
dW/dV for load step No. 11. 
-124-
I 
~,1 
d 
• 
21 (PMMA) 
·15 (PMMA) 
(a) Initially horizontal crack: 
elements 21 and 15 
....... ~ (b) Ini ti a 1 l,f _verti ca 1 craC:k: 
elements 49 and 50 
49 (PMMA) 
50 {PMMA) 
Figure 8.20. Constant volume energy density contours in nearest neighboring elements of initially horizontal and 
vertical crack for load step No. 3. 
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Figure 8.21 
. . 
Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for load step No. 4u 
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{a) Initially horizontal crack: 
elements 19 and 16 
(b) Initially vertical crack: 
elements 51 and 52 · · 
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Figure 8.22 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and· 
vertical crack for load step No. 5. 
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Figure 8.23 Constant volume energy density contours in nearest 
neighboring elements of.initially horizontal and 
vertical crack for load step No. 6. 
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(b) Initially vertical crack: 
elements 51 and 52 
52 {PMMA) 
Figure 8.24 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for load step No. 7. 
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Figure 8.25 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for load step No. 8. 
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elements 19 and 16 
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Fig.ure 8.26 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for load step No. 9. 
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Figure 8.27 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for load step No. 10. 
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16 ( PMMA) 
(a) Initially horizontal crack: 
elements 19 and 16 
( b) In it i a 11 y ve rt i cal crack: 
elements 40 and 41 
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Figure 8.28 Constant volume energy density contours in nearest 
neighboring elements of initially horizontal and 
vertical crack for load step No. 11. 
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Figure 8.29 Constant volume energy density contours 
dW/ dV in e 1 ements 9, 10, 11 , 12, 13, 16, 
22, 23, 24 and 25, around the initi·ally 
• horizontal crack for load step No. 3. 
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Figure 8.30 Constant volume energy density contours 
dW/ dV in e 1 ements 11 , 12, 13, 14, 17, 20, 
21, 22, 23, 24 and 29 around the initially 
horizontal crack for load step No. 4. 
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Figure 8.31 Constant volume energy density contours dW/ dV in e 1 ements 11 , 12, 13, 14, 17, 20, 
21, 22, 23, 24 and 29 around the initially 
horizontal c·rack for load step No. 5. 
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Figure 8.32 Constant volume energy density contours 
dW/dV in elements 11, 12, 13, 14, 17, 20, 
21, 22, 23, 24 and 29 around the initially 
horizontal crack for load step No. 6. 
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Figure 8.33 Constant volume energy density contours 
dW/dV in elements 11, 12, 13, 14, 17, 20, 
21, 22, 23, 24 and 29 around the initially 
horizontal crack for load step No. 7. 
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Figure 8. 34 Constant vo 1 ume energy density contours · 
dW/dV in elements 12, 20, 21, 22, 23, 25, 
29, 30, 31, 34, 35, 36, 37, 38, 42, and 
45 region outside both horizontal and 
vertical cracks for load step No. 8. 
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Figure 8.35 Constant volume energy density contours 
dW/dV in elements 12, 20, 21, 22, 23, 25, 
29, 30, 31, 34, 35, 36, 37, 38, 42 and 
45 region outside both horizontal and 
vertical cracks for load step No. 9 . 
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figure 8.36 Constant volume energy density contours 
dW/dV in elements 12, 20, 21, 22, 23, 25, 
29, 30, 31, 34, 35, 36, 37, 38, 42 and 
45 region outside both horizontal and 
vertical cracks for load step No. 10. 
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Figure 8.37 ._, Constant volume energy density contours 
dW/dV in elements 17, 20, 21, 22, 23, 25, 
29, 30, 35, 36, 37, 38, 42 and 45 
region outside both horizontal and 
vertical cracks for load step No. 11. 
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Figure 8.38 Constant volume energy density co~tours 
dW/dV in elements 38, 39, 42, 43, 44, 48, 
52, 55, 56.and 58 around the initially 
vertical crack for load step No. 3. 
p . . 
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Figure 8.39 Constant volume energy density contours 
dW/dV in elements 40, 41, 47, 48, 49, 
50, 55 and 57 around the initially 
vertical crack for load step No. 4. 
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Figure 8.40 Constant volume energy density contours 
dW/dV in elements 40, 41, 47, 48, 49, 
50, 55 and 57 around the initially 
vertical crack for load step No. 5. 
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Figure 8.41 Constant volume energy density contours 
dW/dV in elements 40, 41, 47, 48, 49, 
50, 55 and 57 around the initially 
vertical crack for load step No. 6 . 
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Figure 8.42 Constant volume energy density contours 
dW/dV in elements 40, 41, 47, 48, 49, 
50, 55 and 57 around the initially 
vertical crack for load step No. 7 . 
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Figure 8.43 Variations of strain energy density with 
angle e for initially horizontal crack at 
h load increment No. 3 with r3 = 0.0325m. 
-148-
, .. 
\; 
17. 5 
,-... 
,a 
0. 
:E 
'-' 12.5 
> 
-0 
' 3 
"'C 
~ 
+J 
•r-
en 
C: 
4) 
Cl 
~ 7.5 
C'l 
s.. 
Q) 
C: 
Lu 
C: 
.,-
,0 
s... 
+-> 
V') 
2.5 
o:os 
I 
I 
I 
I 
-80° 
-40° ao 40° 80° 
Angle e 
Figure 8.44 Variations of strain energy density with 
angle e for initially horizontal crack at 
load increment No. 4 with r1 = 0.0425m. 
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Figure 8.45 Variations of strain energy density with · 
angle e for initially horizontal crack at 
h -load increment No. 5 with r5 - 0.0450m. 
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Figure 8.46 Variations of strain energy density with 
angle a for initially horizontal crack at 
load_increment No. 6 with r~ = 0.0450m. 
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angle e for initially horizontal crack at 
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Figure 8.48 Variat\ions of strain energy density with 
angle e for initially horizontal crack at 
load increment No. 8 with r~ = 0.0575m. 
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Figure 8.50 Variations of strain energy density with 
angle e for initially horizontal crack at 
load increment No. 10 with r~0 = 0.0575m. 
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Figure 8.51 Variations of strain energy density with 
angle e for initially horizontal crack at 
h load increment No. 11 with r 11 = 0.0575m. 
-156-
1 •• 
·fl 
• 
17. 5 
~ 
,a 
0.. 
~12.5 
> 
~ 
......... 
3 
~ 
~ 
+,) 
.... 
V, 
C: 
QJ 
C 7.5 
~ 
en 
S-
QJ 
C 
Lu 
C: 
.,... 
,a 
~ 
+,) 
V) 
2.5 
0 .05 . 1.-8-L0_
0 
_ J..-__ 4.._0_0 _______ 0"'-.:0 -----4-----4~0~0:----_...__-~~ 
Angle e 
Figure 8.52 Variations of strain energy density with 
angle e for initially vertical crack at 
. V load increment No. 3 w1th r3 = 0.0450m. 
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Figure 8.53 Variations of strain energy density with 
angle e for initially vertical crack at 
1o{d inC:rement No. 4 with ,rX = 0.0600m. 
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Figure 8.54 Variations of strain energy density with 
angle e for initially vertical crack at 
V load increment No. 5 with r5 = 0.0600m. 
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Figure 8.55 Variations of strain energy density with 
angle e for _initially vertical crack at 
load increment No. 6 with,r~ = 0.0700m. 
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Figure 8 .56 Variations of strain energy density with 
angle e for initially vertical crack at 
load increment No. 7 with r; = 0.0700m. 
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Figure 8.57 Variations of strain energy density with 
angle e for initially vertical crack at 
load increment No. 8 with r~ = 0.0700m. 
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